A continuous review perishable inventory system operating under the (s, S) policy is considered. Assuming a random shelf life with a general distribution, renewal arrivals and a negligible replenishment lead time, exact expressions for the expected cost rate function for unit and batch demands are derived. For unit demands, it is shown that the average cost rate function is quasi-convex in (s, S). Numerical findings indicate that the loss incurred by ignoring the randomness of the shelf life can be drastic. It is observed that the shape of the shelf life distribution has a significant impact on the costs and a precise estimation of shelf life distribution may result in substantial savings. Based on the presented analytical results, a new heuristic for positive lead times is proposed. Extensive numerical studies show that the proposed heuristic performs better than an existing one suggested for fixed shelf lives in most of the cases studied.
Introduction and literature review
Most of the existing models in the inventory literature assume that items have an infinite shelf life and thus can be stored indefinitely. This assumption is not realistic for perishable goods that can deteriorate and become unusable after some finite time. Fresh food stuff, blood products, meat, chemicals, composite materials and pharmaceuticals are all examples of perishable products.
Perishability is generally modeled in one of three ways.
1. Continuous deterioration, where the items in stock decay with a rate proportional to the amount and/or age of the items. Volatile chemicals and radioactive materials are examples of this type of decay. 2. Independent random shelf lives of individual items in stock. In this setting, all of the items have identical shelf life distributions but they perish (i.e. become unusable) individually. Only the exponential shelf life is considered in the literature for this case. Although the memoryless property of the exponential distribution and independent degradation of individual items are convenient for the analysis, this model may not be appropriate for products whose lifetimes are correlated due to external factors, such as storage conditions or the internal dynamics of the supply chain.
In this study, we consider the last degradation type with items in the same batch having the same random lifetime with a general distribution.
Consider the following example, communicated by a colleague with experience in the distribution of apples to grocery stores. Each year's harvest is stored in very large batches in sealed, low-oxygen and low-temperature cells. Apples can be stored in such sealed cells for very long periods of time; however, once a cell is unsealed, the apples have a remaining shelf life of about 6 weeks. Over time, the sealed cells are opened and their contents are used to satisfy orders placed by individual grocery stores. Practically, each individual order is satisfied by the material stored in the most recently opened cell; hence, all of the produce within the replenishment order come from the same vintage and have the same shelf life at the store level. As orders arrive according to different consumption patterns at individual stores, the remaining shelf lives of the batches as experienced by an individual store are random, although each sealed cell has a fixed shelf life itself. (See also Johnston et al. (2002) for issues regarding the post-harvest storage factors that influence the perishability of the apples.)
This example can be formalized and generalized to all perishable items with a fixed shelf life at the upper 0740-817X C 2008 "IIE" echelon in a supply chain. We provide a simulated example below. Consider a continuous review two-echelon inventory system for a perishable item, with a single warehouse and a number of identical retailers. Suppose that the retailers face independent unit renewal demands and the warehouse orders from an outside supplier with a constant lead time.
Assume that the items arrive at the warehouse fresh, with a fixed shelf life ν. Suppose also that the shipment time from the warehouse to the retailers is negligible and all retailers employ an (s, S)-type control policy. For convenience, assume that the warehouse also employs an (s,S)-type policy. Then, the items in a batch shipped from the warehouse to the retailer will have the same random shelf life which is characterized by the steady-state distribution of the remaining shelf life of the items in stock at the warehouse level. A set of examples for the simulated steady-state distributions of the shelf life faced by the retailer is illustrated in Fig. 1 for a single-warehouse two retailer-system, under different system parameters. (In the graphs, the subscripts 0,1,2 refer to the warehouse, the first and the second retailers respectively and L 0 stands for the warehouse replenishment lead time.) We observe that, depending on the particulars of the system parameters, batches that arrive at a retailer may assume different shelf life distributions. Hence, we find it interesting and important to study the impact of shelf life distributions on replenishment decisions and inventory system performance for perishable goods. In this study, we consider a model for perishable goods at the retailer level, similar to the one discussed in the above setting. More specifically, we consider the replenishment of a perishable product under a continuous review (s, S) policy with renewal batch demands (both discrete and continuous demand sizes) and negligible replenishment lead times. We assume that the shelf life of the items is a random variable and that items in the same batch perish at the same time. On the other hand, the shelf life of items in different batches are independent and identically distributed. Before we present the details of our model, we briefly review the related literature.
Continuously deteriorating inventory systems are extensively investigated in the literature, and interested readers are referred to the review papers by Raafat (1991) and Goyal and Giri (2001) . The literature on the case in which each item in a batch independently perishes is limited to exponential lifetimes. Kalpakam and Arivarignan (1988) study a continuous review (s, S) model with Poisson demand and zero lead time. Liu (1990) allows backorders for the same model. Moorthy et al. (1992) propose another (s,S) policy for random shelf life perishables 761 aging structure in which the shelf life of an item starts when it is put on display after the previous item is sold or expires. Kalpakam and Sapna (1994) and Liu and Yang (1999) consider extensions of the Kalpakam-Arivarignan model, whereas Kalpakam and Sapna (1996) discuss a lost-sales (S − 1, S) policy with exponential lead times and renewal demands. Liu and Shi (1999) study an (s,S) model with an exponential shelf life, where degradation is only detected at demand arrivals. Recently, Kalpakam and Shanthi (2001) analyze a lost sales, Poisson demand model with an exponential shelf life and a random lead time operating under an (S − 1,S) policy.
Early studies on perishable goods assume a periodic review approach with a fixed shelf life. Van Zyl (1964) provides the first finite-horizon and infinite-horizon dynamic programming formulations with a shelf life of exactly two periods. Nahmias and Pierskalla (1975) investigate the properties of the optimal policy for two-period shelf lives and Fries (1975) and Nahmias (1975) extend the results to mperiods. Because the optimal policy structure is very complex, for longer shelf lives, approximate policies have been developed by Cohen (1976) and Nahmias (1976 Nahmias ( , 1977a . Nahmias (1977b) considers extensions to the random shelf life approach and establishes the similarity of the optimal policy structure to that for a fixed shelf life. A comprehensive survey of the studies with periodic review can be found in Nahmias (1982) .
The current literature on continuous review perishable problems considers various assumptions on lead times. With a zero lead time, Weiss (1980) shows that an (s,S)-type policy is optimal for unit Poisson demand and constant shelf life. Liu and Lian (1999a) consider a continuous review (s, S) model with a fixed shelf life and renewal arrivals. Liu and Lian (1999b) assume a zero lead time and allowing for backorders, they study an (s, S) model with geometric inter-demand times. Lian and Liu (2001) study an (s, S) policy with a fixed shelf life and renewal batch demands. Using Markov chain methods and Laplace-Steltjes transforms, they provide an iterative approach for finding the expected length of a regenerative cycle and present expected sojourn times through which the expected holding and backorder cost of a cycle is obtained (see also Gürler andÖzkaya (2003) for a correction of Lian and Liu (2001) . With zero or exponential lead times, it is usually possible to analyze a perishable inventory system using Markov renewal techniques. A constant positive lead time however, does not allow a Markovian structure and the analysis becomes very complicated. Nahmias and Wang (1979) provide the first approximate analysis of a perishable inventory system with a constant lead time and the first exact study of an (S − 1, S) policy with a fixed shelf life, constant lead time and lost sales assumption is given by Schmidt and Nahmias (1985) . Later Chiu (1995) proposed an approximation for the continuous review (Q, r ) model with a fixed shelf life. Perry and Posner (1998) study an (S − 1, S) policy with a fixed shelf life, Poisson demand and lead-timedependent backordering. Ravichandran (1995) considers an (s, S) inventory model with a random lead time and Poisson demand with a specific aging pattern. Tekin et al. (2001) extend the work of Ravichandran (1995) by considering a time based policy when the lead time is a positive constant.
Our study generalizes and improves on the previous work in several aspects. First, the proposed model allows the shelf life to be a random variable, which, apart from being applicable to items with inherently random shelf lives, also allows the treatment of fixed shelf life products that may perish randomly due to imperfect storage conditions. In this respect, we also extensively investigate the impact of the shelf life distribution and obtain practically important findings. To the best of our knowledge only the exponential distribution has been considered in the literature. Second, we present explicit expressions for the expected cost rate and the operating characteristics for the model studied, from which the explicit cost expressions of the models by Liu and Lian (1999) and Lian and Liu (2001) can be obtained. We also show that the expected cost rate function is quasi-convex in (s, S) for unit demand, which guarantees unimodality and facilitates finding the global optimum in a numerical search. Finally, based on the analytical findings for the zero lead time case, we provide a heuristic for positive lead times.
The results of our extensive numerical study indicate that the loss incurred by ignoring the randomness of the shelf life can be substantial. We observe that treating the shelf life as being constant when it is random results in 21.42 and 5.90% average losses for unit and gamma demands respectively. Including the unreported cases with other demand rates and coefficient of variances for the shelf life, the average losses become as high as 23.10, 9.26, and 9.45% for unit, geometric and gamma demands respectively, over the 104 cases studied. We also observe that the distribution of the shelf life has a significant impact on the system costs, and the average cost differences can get as large as 20, 13 and 13% for unit, geometric and gamma demands. In unreported results, we observed that the highest costs are observed for the exponential shelf life case.We note that the proposed heuristic performs as good as or better than the existing one by Lian and Liu (2001) suggested for fixed shelf life studies in most of the cases, although on the average the existing heuristic performs slightly better for the unit demand. In particular, the deviation of the proposed heuristic from the simulated exact model is 0.34 and 1.60% for the unit and the batch demands over the 48 cases, whereas the corresponding figures are 0.29 and 3.62% for the existing heuristic of Lian and Liu (2001) .
The rest of the paper is organized as follows. In Section 2, we introduce the model and derive the operating characteristics for both discrete and continuous batch demands. In Section 3, analytical results for the unit demand case are presented. In Section 4, a heuristic is developed for positive lead times and in Section 5, results of the extensive numerical study are presented. The paper ends with concluding remarks in Section 6.
Model and analysis
We consider a single-item single-location inventory system in which the items face batch demands that arrive according to a renewal process with random batch sizes that are independent of the arrival process. Unmet demands are backordered and if the entire demand can not be satisfied by the on-hand stock, it is partially filled immediately with the available stock and the rest is backordered. The shelf life of the products, τ , is a random variable with a general distribution. We assume that products in an arriving order have the same shelf life, where the shelf lives of items in different orders are independent and identically distributed random variables. The costs associated with the inventory system are the fixed ordering cost K per order; the holding cost h per unit per time; the degradation cost π per unit; the backorder cost b per unit and ρ per unit per time. The replenishment lead time, L, is assumed to be zero and the following continuous review (s, S) ordering policy is used:
Policy: When the inventory level drops to s or below, a replenishment order is placed to raise it up to S.
For unit demands, Weiss (1980) shows that the optimal replenishment policy for this model is of (s, S) type when backorder costs are increasing convex in the time until satisfaction and the replenishment lead time is zero. The zero replenishment lead time assumption induces an upper bound on s as s < 0, since, otherwise the instantaneously arriving fresh items wait for the next demand, during which they incur a holding cost and are at risk of degradation while they are held in stock. Also, if S < 0, the inventory level is always negative, items never perish and the model becomes mathematically trivial and practically uninteresting. We therefore assume that S ≥ 0.
Under the above policy, the instances at which the inventory level is raised to S constitute regeneration points and a regenerative cycle is defined as the time between two such consecutive instances. For the derivation of the operating characteristics, we partition a regenerative cycle into two segments. The first one, subcycle 1 is the time from the beginning of a cycle until the inventory level becomes negative for the first time and the second one, subcycle 2 is the remaining time to complete the cycle. If at the end of subcycle 1, the inventory level is below s, then an order is placed immediately which completes the cycle and subcycle 2 is not realized.
We use the following notation in our analysis: N(t) is the counting process of the demand arrivals up to time t, where t = 0 is taken as the beginning of a regenerative cycle. The inter-arrival times are independent and identically distributed random variables denoted by X, with mean µ. {X n , n = 1, 2, . . .} is the sequence of arrival times since the beginning of a cycle, with distribution function (d.f.) F n and Objective function: In view of the renewal reward theorem (Ross (1983) ), the optimization problem is stated as the minimization of the ratio of the expected cycle cost to that of cycle length. That is
where AC(s, S), CC (s, S) and CL (s, S) are the average cost rate, cycle cost and cycle length, respectively.
We first discuss below the discrete demand case, and extend the results to continuous demand in Section 2.2.
Discrete demand
We now consider the case where the demand batch size is a discrete random variable with probability mass function (p.m.f.) v, and v k is the p.m.f. of the cumulative demand at the kth arrival since the beginning of a cycle. Figure 2 illustrates some realizations for a cycle when the demand batch size is a discrete random variable. Case 1 refers to a realization where the inventory level drops exactly to zero by demand and no degradation occurs. In case 2, items do not perish, and the inventory level crosses zero without staying at level zero, whereas in case 3, some items in the batch perish before they are depleted by demand. In all three cases, the cycles are completed immediately when the inventory level hits or crosses s. We assume that when demand is partially fulfilled, a backorder cost is incurred only for the unsatisfied portion of the batch. Also note that since L = 0, the demand batch which triggers the replenishment order is satisfied immediately and does not incur a backorder cost.
We start by presenting a result which provides the p.m.f. of r 1 , the level of the inventory in a cycle when it first drops below zero. Lemma 1. The p.m.f. of r 1 is given as below for x = −1, −2, . . . :
Proof. See the Appendix. 
Expected cycle length
Recall that we have partitioned a regenerative cycle into two segments. Subcycle 1 is the time from the beginning of a cycle until the inventory becomes negative for the first time and subcycle 2 is the time from the end of subcycle 1 to the end of the regenerative cycle. Let CL 1 (s, S) and CL 2 (s, S) be the lengths of subcycles 1 and 2 respectively. Then,
The first expression above corresponds to the cases where the inventory level drops exactly to zero by demands and stays there until the next demand arrives or becomes negative without staying at zero (cases 1 and 2 in Fig. 2 ) and the second one refers to degradation (case 3 in Fig. 2 ). Let n 2 denote the number of demand arrivals in subcycle 2. To avoid confusion, we denote the arrival time of the ith demand in subcycle 2 byX i and the cumulative demand at the ith demand arrival byD i , which are identically distributed with X i and D i of subcycle 1, respectively. Then, CL 2 (s, S) is written as
Taking the expectations of Equations (2) and (3) and using Lemma A1., we obtain the following, proofs of which are given in the Appendix.
The expected cycle length E[CL (s, S) ] is then obtained as the sum of E [CL 1 (s, S) ] and E [CL 2 (s, S) ].
Expected cycle cost
The derivation of the costs for the two subcycles will be considered separately. In subcycle 1, a backorder cost is triggered only by the last demand if r 1 > s. If r 1 ≤ s, subcycle 1 and the cycle are completed simultaneously with order placement and no shortage cost is incurred. Therefore, the unit-dependent shortage cost, USC 1 , of subcycle 1 is −br 1 I(r 1 > s) and
For the holding and perishing costs, suppose the inventory level is S − D i−1 ≥ 0 after the (i − 1)th demand. Then, the next event will either be the arrival of the ith demand (Figs. 3(a), 3(d) and 3(e)), if Fig. 3(b) and 3(c)). Then, the holding cost, HC i , and the perishing cost, PC i , associated with the ith demand are given as
Taking expectations and summing over i, we find the expected holding cost, E[HC (s, S) ], and the expected perishing cost, E[PC (s, S) ], of the cycle as (u) . (10) Now, we consider the costs incurred in subcycle 2. Suppose the inventory level is s < r 1 −D i−1 < 0 after the (i − 1)th demand. Then, there may be two realizations: if the demand of the ith arrival isd i and the inventory level drops Fig. 4(a) ), the cycle is not completed and a time-dependent shortage cost forD i−1 − r 1 backordered items is incurred as well as the unit-dependent shortage cost for the additionald i items backordered. Otherwise, r 1 −D i−1 −d i ≤ s and the cycle is completed (Fig. 4(b) ), incurring only the time-dependent shortage cost forD i−1 − r 1 backordered items during (X i−1 ,X i ). In fact, the unit shortage costs are incurred for all the backordered units in subcycle 2, except for the last arrival which ends the cycle. Let USC 2 i be the unit shortage cost of subcycle 2 if it terminates with the ith demand arrival and similarly, let TDSC i denote the time-dependent shortage cost of subcycle 2 that terminates with the ith demand. Then, USC
E[PC(s, S)]
(12) The expected unit-dependent shortage cost in subcycle 2 is
and the sum of Equations (6) and (13) gives the total expected unit shortage cost as
E[USC(s, S)]
= b The expected time-dependent shortage cost is written similarly as
The expected cycle cost E[CC (s, S) ] is then obtained as the sum of the ordering cost K and the expected holding, perishing, unit and time-dependent shortage costs given in Equations (9), (10), (14), and (15) respectively.
We next provide the operating characteristics of the special case where the shelf life is a constant.
Constant shelf life. If we let G(t) = I(t ≥ T)
, we obtain the model of Lian and Liu (2001) , where the shelf life is a constant, T. In their results, the objective function is obtained by iteratively solving Laplace transforms. Below we present the explicit expressions for the operating characteristics of this special case:
The expressions for the expected shortage costs of a cycle are as given in Equations (14) and (15).
Continuous demand
Next we extend our results to the continuous demand case. We retain the rest of the assumptions and the notation introduced before, except that v(.) now denotes the probability density function (p.d.f). of the continuous batch size of a demand. The level of the inventory when it first drops below zero, r 1 , is now a continuous random variable with d.f. and p.d.f given by F r 1 (.) and f r 1 (.) respectively. As to the differences between discrete and continuous demands, we note that due to the continuity of the batch size, the number of demand arrivals needed to deplete an inventory of say S units is no longer bounded. Also, the probability that the inventory hits the zero level by demand arrivals and stays there a positive amount of time is zero, hence such events are no longer taken into account in the derivations. We present the key expressions below for the continuous demand case, the proofs of some of which are given in the Appendix. First, we present a result analogous to Lemma 1 for the p.d.f. of r 1 .
Lemma 2. The p.d.f. of r 1 is given as follows for x < 0:
Proof. See the Appendix.
For the expected length of subcycle 1, consider Equation (2) and note that now the event that {D l 0 −1 = S, X l 0 −1 < τ} has a zero probability. For subcycle 2, CL 2 (s, S) is written as given in Equation (3). Then,
Regarding the expected cycle cost, the modified expressions for continuous demand are given as below, the details of which are skipped since they are obtained similar to the discrete case.
The final expressions are then obtained as before after summing over the index i.
A special case: Poisson arrivals with exponential demand size
Now, we present the expressions for the special case of Poisson demands with rate λ and exponential batch sizes with mean 1/α. Let p(k, λ) and P(k, λ) represent, respectively, the p.m.f. and d.f. of a Poisson random variable with rate λ. αx) . For this special case, the foregoing expressions are written as
E[USC(s, S)]
= −b 0 x=s s + 1 α P(0, α(x − s)) dF r 1 (x),
E[TDSC(s, S)]
= ρα 0 x=s ∞ i=1 i − 1 α P(i − 1, α(x − s)) − xP(i − 2, α(x − s)) dF r 1 (x).
Quasi-convexity of the average cost for unit demands
The unit demand case is important from both theoretical and practical aspects and is one of the most frequently assumed models in the literature. We provide some structural results for this special case below. If we let v k (x) = I(x = k), the expressions for the operating characteristics simplify as
where SC (s, S) is the sum of the unit and the timedependent shortage costs in a cycle. We next show that AC (s, S) is quasi-convex in (s, S) for unit demands. Since quasi-convexity implies unimodality, this result is of both theoretical and practical importance. In the literature, (s,S) policy for random shelf life perishables 767 convexity properties of functions are usually obtained over convex sets which are not readily applicable to our setting due to the discrete structure of the average cost rate function. Hence, we provide general definitions for arbitrary sets below.
Definition 1. Let θ be a function defined on an arbitrary nonempty set, X . Also, let γ ∈ [0, 1] and
* ∈ X is a local minimum of θ if and only if there exists a subset A = {x :
The following two lemmas generalize the results of Avriel (1976, p. 156) on the analytical properties of non-linear fractional functions defined at arbitrary non-empty sets for which the proof is given only for the latter since the former is straightforward.
Lemma 3. Let ϕ 1 (x) and ϕ 2 (x) be real-valued functions defined on an arbitrary set, X . Let ϕ 1 (x) be a non-negative and convex and ϕ 2 (x) be a positive and concave function on X .
Lemma 4. Let X be an arbitrary set and ϕ be a real-valued quasi-convex function on X and x * ∈ X be a strict local minimum of ϕ on X . Then x * is a strict global minimum.
Next we have some results regarding the convexity behavior of the expected cycle length and cycle cost functions.
Lemma 5. (i) E [CL(s, S)] is concave in (s, S). (ii) E [CC(s, S)] is convex in (s, S).
We next have the following theorem which states a strong analytical property of the cost rate function which follows directly from Lemma 3 and Lemma 5.
Theorem 1. AC(s, S) is quasi-convex in (s, S).
We finally have the following theorem, the proof of which follows from Lemma 4 and Theorem 1. 
A heuristic for positive lead times
In the previous sections, we considered the analysis of the (s, S) policy for perishable goods with zero lead time. When a positive lead time is introduced, the model becomes highly complicated since one has to keep track of the remaining lead times and the remaining shelf lives of different batches in the system at a given instant. As another issue, when L = 0, the First-In First-Out (FIFO) issuing policy is optimal and in fact two batches do not exist in stock simultaneously since s < 0. When L > 0 and the shelf life is fixed, the FIFO policy would still be optimal since it is implicitly assumed that the items are sold at the same price. However, when the shelf life is random and L > 0, FIFO would no longer be optimal since a batch that arrives later may have a shorter shelf life, in which case a policy where items with shorter shelf lives are sold first should be employed. Such a policy would unfortunately make the analysis intractible and we therefore assume a FIFO policy also for L > 0.
For a fixed shelf life and positive lead times, Lian and Liu (2001) proposed a heuristic based on the optimal and order-up-to levels (s 0 , S 0 ) of the model with L = 0. They use the modified reorder and order-up-to levels (s 1 , S 1 ) given as
is the expected demand during the lead time and EP is the expected number of items that perish during a cycle. As confirmed with our experiments, the results presented by Lian and Liu (2001) show that this heuristic overestimates the reorder and order-up-to levels by adding an inflated quantity EP. We believe that a more effective heuristic should make use of the information about the remaining shelf life of the products in stock at the time of order placement for the estimation of the number of units expected to perish during a lead time. For our heristic, we assume that the batch size is constant given by β, the expected batch size. The demand during the lead time is estimated by D L = Lβ/µ , where x is the smallest integer greater than or equal to x, and the inventory level at the time of order placement is estimated bys
We then adjust the order-up-to and reorder levels as
If s 1 ≤ 0, the on-hand inventory is zero at the beginning of the lead time and we propose to use (s 1 , S 1 ) as our heuristic, since no units perish during the lead time. Otherwise, since the items in stock at the instance of order placement are at risk of degrading during the lead time, we estimate the expected number of degraded units and further adjust S 1 . To describe the estimation method, let us define k 1 and k 2 as the estimated number of demand arrivals that makes the inventory position drop from S 1 to or below s 1 and from s 1 to or below zero respectively. Also let τ r = τ − X k 1 denote the remaining shelf life of the batch in use at the time of order placement.
denote the probability that degradation occurs during the lead time and given that degradation occurs, we approximate the number of perished units as
with expected value
Then, the approximate number of units that perish during the lead time is taken as E[
We summarize our proposed heuristic in the following steps:
Step 1. Calculate (s 0 , S 0 ) of the model with L = 0 and referring to Equation (24), let (
Step 2. If s 1 ≤ 0, (s 1 , S 1 ) are the proposed optimal parameters.
Step 3. If
The suggested optimal parameters are (
In the heuristic proposed above, τ can be fixed or random. If it is random, then expectations of E[P r ] and p should be taken with respect to τ . Note also that the proposed heuristic is applicable to both discrete and continuous demand batches. The performance of the heuristic proposed above is compared to that of Lian and Liu (2001) in the next section.
Numerical results
We conducted an extensive numerical study to address several issues regarding the inventory control of perishable items with a fixed and a random shelf life. Major issues considered are the sensitivity of the optimal policy to different choices of system parameters, the loss due to ignorance of the randomness of the shelf life, the impact of the shape of the shelf life distribution and finally the performance of the proposed heuristic for positive lead times. To elaborate on these, various cases of cost parameters, batch distributions, the mean µ τ , the coefficient of variation (c.o.v.), C τ , distributions of the shelf life τ and c.o.v. C X of X, are investigated. For the batch distribution, unit (BD 1 ), geometric (BD 2 ) and gamma (BD 3 ) demand batches with mean β = 5 and variance 20 are considered. The comparisons for different batches are based on fixed values of the average number of units demanded per time, denoted with α = β/µ. We considered both exponential and 4-Erlang inter-arrival times, the parameters of which are selected to match the assumed α values. For example, if α = 25, with a geometric or gamma batch with mean β = 5, the mean inter-demand time is µ = 0.2 and the parameters of the exponential and Erlang distributions are five and 20, respectively. Also, to standardize the selection of the experimental values of the mean shelf life, we consider the average time required to consume the modified (since we have batch demands) order quantity Q = 2Kα/ h of the economic order quality model. That is, we set T = Q/α and the values of E[τ ] are selected as multiples of T. Throughout our experiments with a zero lead time, the holding cost h = 1 and the ordering cost K = 50 are used. Six different shelf life distributions are considered to investigate factors such as the shape, skewness, tail probabilities and the range of the shelf life distribution. These distributions are respectively the gamma, Weibull, uniform, triangular, and left-truncated gamma with two different truncation values. Gamma and Weibull distributions are commonly used to represent time to failure, hence are considered here for the shelf life. The uniform distribution is interesting from a practical point of view since it represents a "non-informative" case and the triangular distribution is a three-parameter distribution which may be used as a simple approximation to more complicated ones. Finally, truncated gamma distributions are included to cover the cases where there may be a positive threshold for the shelf life below which products may not be acceptable. The two truncation points are taken as the lower limits of the uniform and triangular distributions respectively. The parameters of all the distributions are adjusted to match the selected mean and the c.o.v. of the shelf life.
Sensitivity analysis
We start with discussing the sensitivity of the optimal policy parameters and the cost rate to system parameters. In the tables presenting the numerical results, optimal policy parameters and optimal cost rate are denoted by (s 0 , S 0 ) and AC * respectively. Table 1 provides a representative set of our results. The shelf life is gamma with α = 25 and C X = 0.5. We observe that the results are in agreement with expectations, in that both s 0 and S 0 decrease in general with the perishing cost. When the shelf life variability is high, the order-upto levels become more sensitive to changes in the perishing costs. For example, when C τ = 1, we observe a more drastic decrease in S 0 as π increases from three to 15, than the corresponding decrease when C τ = 0.5. When the perishing cost is large, the policy parameters become highly sensitive to both the mean and the variability of the shelf life. Consider for example the case with geometric demand (BD 2 ), C τ = 1.00, b = 6, ρ = 2 and π = 15. We observe that when E[τ ] drops from 1.50T to 1.00T the change in S 0 is 27% (from 15 to 11) and when E[τ ] drops from 1.00T to 0.75T, it is 18% (from 11 to nine). Note, however, that the corresponding decreases are significantly lower, 14% (from 28 to 24) and 13% (from 24 to 21) for π = 3. As to the batch size, geometric and gamma demands yield smaller S 0 values than the unit demand. When the backorder costs are small, smaller s 0 values are observed for the unit demand, whereas the reverse is usually true with higher backorder costs. The optimal policy parameters and the cost rate of geometric and gamma demands are less sensitive to the cost and model parameters. Overall, the optimal cost rates for geometric and gamma demands are much smaller than that of the unit demand. We also observe that the geometric and gamma demands with the same variance yield very similar results in terms of the optimal cost and the policy parameters.
The effect of the c.o.v. of the inter-demand time (C X ) has a small effect on both (s 0 , S 0 ) and AC * . In the unreported results for C X = 1, which corresponds to Poisson arrivals, we observed that the optimal policy parameters changed in only four of the 48 instances with unit demand, 29 of the 42 with geometric and gamma demands. In these instances, the exponential demand usually results in lower s 0 and/or S 0 values with a maximum change of only one unit. With unit demand and C τ = 0.5, the AC * of C X = 0.5 is always smaller than that of C X = 1. For C τ = 1, exponential arrivals resulted in slightly lower cost rates with an average difference of 0.29%. We also observed similar behavior with geometric and gamma demands except that the average differences were higher. For C τ = 0.5, the average differences between the cases of C X = 0.5 and C X = 1 are 2.73 and 2.81% for geometric and gamma demands, respectively, whereas with C τ = 1, the corresponding figures are 1.25 and 1.27%.
The impact of constant versus random shelf life
Next, we discuss whether incorporating the randomness of the shelf life is crucial and if its distribution has a notable impact on the costs. In the following, the model that considers the shelf life as a random variable is referred to as the random model and the model that treats the shelf life as fixed (at the mean of the random shelf life) is referred to as the constant (or fixed) model. Let (s 0 , S 0 ) and (s c , S c ) be the optimal policy parameters of the random and the constant models respectively and let AC (s, S) denote the average cost rate of the random model evaluated at (s, S) with AC * being the optimal one. As a measure of the loss due to the ignorance of the randomness of the shelf life, we consider 0 % below.
A representative set of our results with C τ = 0.50 and α = 50 for the six shelf life distributions presented before are given in Tables 2 and 3 for the unit and gamma demands. We exclude geometric demand here since it 
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provides results similar to gamma demand as presented in Table 1 . One of the main conclusions from the results of Tables  2 and 3 is that explicitly modeling the randomness of the shelf life makes significant differences in the cost rates, especially for unit demands for which 0 % can be as large as 34%, which is 44% for the gamma and triangular distributions. The batch demand seems to provide some robustness, however, even in this case the loss due to ignorance of randomness can be as large as 9 and 11% for the same distributions. The results also indicate that the shape of the shelf life distribution is quite effective on optimal policy parameters, cost rate and the 0 % values. Usually, gamma distribution yields the smallest and the uniform distribution yields the highest cost rate and 0 % values. The results for the triangular distribution are very similar to those for the gamma distribution, which suggests for this problem that it can be used as a simple approximation to the gamma distribution. When we compare the gamma and the truncated gamma distributions, we see that the costs increase as the left threshold becomes larger, which might seem counterintuitive at first sight. This results from forcing the mean of all three distributions to be the same and as the lower threshold increases, the smaller values close to the threshold attain more probability in order to keep the mean constant. This observation brings about an interesting point: if the truncation value (lower threshold) represents a lower limit on the shelf life that the retailer is willing to impose in a contract with a supplier, the retailer should be careful to pay more attention to the distribution of the shelf lives rather than the threshold value. Table 4 presents the percentage difference between the maximum and minimum costs among the six shelf life distributions. We again observe big differences among the costs with respect to different shelf life distributions and costs almost double for the unit demand compared to geometric demand. For gamma demand, the percentage difference is between those two. Hence, improving the storage conditions or the production process in general that would result in longer-tailed shelf life distributions may result in significant savings. We also investigated the impact of the variability of the shelf life and considered the cases for C τ = 0.75, 1.0. From the results unreported herein, we observed that as C τ increases the difference between the constant and the random model increases considerably and the highest costs are incurred for the exponential shelf life. Since an exponential distribution is commonly used for modeling shelf life, our results indicate a warning about its usage unless there is a strong empirical evidence.
Performance of the proposed heuristic for positive lead times
In this section we present the performance of the proposed heuristic, H 1 , over a wide range of parameters for a random shelf life and compare the performance of it to that of a recently suggested one, H 2 ,by Lian and Liu (2001) for a fixed shelf life. For measuring the performance of the heuristics, a simulation model is used. One simulation run is obtained by generating 10 000 time units in the (s, S) model, from which the average cost rate is obtained. For a given (s, S) pair, the final cost rate is obtained by taking the average of ten simulation runs, over which the optimal values of (s, S) are searched. The following performance measure, L %, for both heuristics is considered:
where for i = 1, 2, (s * i , S * i ) and (s * , S * ) are the optimal policy parameters obtained from heuristic H i and the simulation model respectively and AC L is the estimated average cost calculated from simulation.
The results for the proposed heuristic are given in Table 5 for unit demand and π = 5, b = 2, ρ = 2. We also provide underneath each distribution, the average deviation of the heuristic from the simulation in the presented 12 cases, as well as the corresponding average for the batch demand case, for which we have not provided details to save space. We observe that the performance of H 1 is in general very good for all distributions, with an average of less than 1% for unit demands and less than 2% in batch demands. We also note that its performance is comparable among various distributions and the batch size has more impact than the shelf life distribution. The relatively poor performance for batch demands may result from the fact that the proposed Table 5 . Performance of the proposed heuristic for unit demand with respect to various shelf life distributions Gürler andÖzkaya heuristic does not explicitly take into account the batch size distribution.
Next we want to discuss the performance of the proposed heuristic relative to an existing one, namely the one by Lian and Liu (2001) proposed for a fixed shelf life. Ta- Table 6 . Performance of the proposed and available heuristics for fixed shelf life H 2 which is also observed in the reported results of Lian and Liu (2001) . For unit demands, out of 48 cases, H 1 dominates H 2 in 24 of them, H 2 dominates H 1 in 15 of them and in the remaining nine cases they perform equally well. Although it is hard to arrive at a general conclusion for this case, the proposed heuristic tends to behave better when the lead time is reasonably small compared to the mean shelf life. We also observe that both heuristics perform better for unit demands, where the average deviation from the optimal are 0.34 and 0.29% for H 1 , H 2 , respectively whereas the corresponding figures are 1.60 and 3.62% for geometric demand.
Another issue of interest is the sensitivity of the set of (s, S) pairs to deviations from the optimal costs. In particular, we ask the following question: which set of (s, S) values allows for at most an α% deviation from the optimal cost? To this end, we obtained numerical results from the simulation model, from which we obtained the set of (s α , S α ) values that result in costs within α% of the minimal cost. A large number of experiments for different choices of α, L values and shelf life and demand distributions are carried out and the results are displayed in Figs. 5 and 6 for α = 1, 2, 5 for fixed and gamma shelf lives respectively. We observe that the number of (s α , S α ) points increases significantly with α as expected. Furthermore, when the shelf life is random, the increase in this set is more notable, indicating a more flat function around (s * , S * ). Similarly, the cost rate function of the geometric demand is observed to be more flat than that of the unit demand. Finally, although it can not be generalized, an observation regarding the location of the optimal (s * , S * ) values is worth mentioning. For both fixed and random shelf lives, the (s * , S * ) pair tends to be placed toward the right side of the region constructed by (s α , S α ). This behavior may provide a better explanation for the performance of both heuristics. In particular, for positive lead times, both H 1 and H 2 add a non-negative quantity to the s 0 value obtained from the zero lead time model. The heuristic of Lian and Liu (2001) adds an overestimated quantity obtained as the expected perished units for the cycle, which probably pushed the modified s 0 value far beyond the optimal, whereas our heuristic adds a smaller quantity based on the remaining shelf life of the items, which possibly better estimates s * by inflating s 0 more appropriately and produces better results. 
Conclusions
In this study, we considered a continuous review (s, S)-type policy for perishable goods with a random shelf life and renewal batch demands. Under the assumption of instantaneous replenishment, we developed a model for items with a general shelf life distribution, which is also suitable when the items in a batch can perish at a random time during their fixed shelf lives due to imperfect storage conditions. An explicit expression for the average cost rate function is obtained and the quasi-convexity of it is shown for unit demands. For positive lead times a heuristic is also proposed. An extensive numerical study is conducted to study the performance of the model and the suggested heuristic. We observed that significant reduction in the cost function is obtained by explicitly taking into account the randomness of the shelf life. Furthermore, we demonstrated that the system costs may differ drastically among various shelf life distributions, which implies that a precise estimation of the shelf life distribution is desirable. The numerical experiments indicated that the proposed heuristic for a positive lead time performs better than an available alternative in most of the tested cases with a pronounced difference for batch demands. Although both heuristics perform reasonably well for unit demands, exact analysis for positive lead times still needs further research.
We first present a result below needed for other derivations. The details of all proofs in this section can be obtained from the authors. Lemma A1. Let k be a non-negative integer. Then,
where
, the remaining shelf life of a batch after the first demand.
Proof. Only the proofs of the first two parts will be provided, since the others follow similarly. We use the joint distribution function of X k , X k+1 and τ given as
Proof of Lemma 1. The event {r 1 = x} is decomposed as disjoint events given by
where A 1 corresponds to the realization where the inventory depletes by demand and hits exactly the zero level before perishing, A 2 corresponds to the event that the inventory drops below zero before perishing and without staying at the zero level and A 3 corresponds to the case where a positive number of items perish in a cycle.
Adjusting the indices of the summations and noting that V S (S − 1) = 0 for S ≥ 0, we obtain:
The result follows by writing P(
Derivation of Equation (4).
Referring to Equation (2), we have that:
E[CL 1 (s, S) ] is the sum of Equations (A1) to (A3). Application of Lemma A1 part (i) gives E[CL 1 (s, S) ] as
After some algebra, we write the above expression as
(s,S) policy for random shelf life perishables
Also, for S ≥ 0,
Hence, for S > 0, we have that:
For S = 0, v 0 (S) = 1 and the left-hand side of Equation (A4) is zero since the upper limit of the sum is greater than the lower one. In conjunction with Equation (A5) we conclude that for S = 0 it also holds that:
Derivation of Equation (5).
Let p 1 (k|r 1 ) be the probability that n 2 = k demands occur in subcycle 2 for a given r 1 . Then
Then, E[CL 2 (s, S) ] is given as follows:
Derivation of Equation (9).
E[HC i ]
Lemma A1 and the relation
Finally, applying integration by parts to the first integral, we get: Results follow after summing over the index i.
Derivation of Equations (10), (14) and (15).

E[PC i ] = πE[(S −
Proof of Lemma 2. Let dx be sufficiently small such that x + dx < 0:
Note that the event A 1 of discrete demand case drops here since its probability is zero:
Applying integration by parts, we get:
The result follows after dividing both sides by dx and taking the limit as dx → 0. 
Derivation of Equation (17).
E[X l
E[CL 1 (s, S) ] is the sum of Equations (A7) and (A8) 
Derivation of Equation (18).
Noting that there is no upper limit for n 2 for continuous demand, we have that: 
Proof of Lemma 4. Suppose that x
* is a strict local minimum of φ on X . By Definition 1, there exists a subset (s,S) policy for random shelf life perishables 781 A = {x : |x − x * | ≤ , > 0} ⊂ X such that ∀x ∈ A we have:
Suppose that x * is not a strict global minimum. Then there exists anx / ∈ A such that:
For φ to be quasi-convex in x, ∀γ ∈ [0, 1]:
Because there exists a γ ∈ [0, 1] such that γ x + (1 − γ )x * ∈ A, we have a contradiction for Equation (A9) by Equation (A11).
Proof of Lemma 5. We want to show L 1 (γ ) ≤ R 1 (γ ), where:
where (s 1 , S 1 ), (s 2 , S 2 ) ∈ (Z − × Z + ), and γ ∈ [0, 1] subject to (γ s 1 + (1 − γ )s 2 , γ S 1 + (1 − γ )S 2 ) ∈ (Z − , Z + ). In order that L 1 (γ ) ≤ R 1 (γ ), we need to show that L 2 (γ ) ≤ R 2 (γ ) where:
When γ = 0, 1 L 2 (γ ) = R 2 (γ ) holds and L 2 (γ ) is increasing and linear in γ . To check the behavior of R 2 (γ ), consider the difference 1 (γ ) = R 2 (γ + ) − R 2 (γ ) where = 1/(S 1 − S 2 ) > 0. Then, 1 (γ ) = (γ + )(S 1 −S 2 )+S 2 k=γ (S 1 −S 2 )+S 2 +1 P(τ > X k ), 1 (γ + ) = (γ +2 )(S 1 −S 2 )+S 2 k=γ (S 1 −S 2 )+S 2 +1 P(τ > X k ).
Since P(τ > X k ) is increasing in k, we have 1 (γ + ) < 1 (γ ) which means that R 2 (γ ) is increasing and concave in γ . Combining the linearity of L 2 (γ ) and concavity of R 2 (γ ), we have R 2 (γ ) ≥ L 2 (γ ) ∀γ ∈ [0, 1]. The case S 1 < S 2 is similar, except that L 2 (γ ) is decreasing and linear and R 2 (γ ) is decreasing and concave in γ . Then, R 2 (γ ) ≥ L 2 (γ ) holds ∀γ ∈ [0, 1]. Finally S 1 = S 2 implies L 2 (γ ) = R 2 (γ ), which completes the proof of part (i). For part (ii), we see that C 1 (s) in Equation (19) is convex in (s, S) since it is constant in S and quadratic in s with a non-negative leading coefficient. Since {X k } is a stochastically increasing sequence, C 2 (S) in Equation (20) is convex due to increasing firstorder difference. The convexity of C 3 (S) in Equation (21) follows from concavity of Banu YükselÖzkaya is a faculty member in the Department of Industrial Engineering at Hacettepe University, Ankara, Turkey. She received her B.S., M.S. and Ph.D. degrees in Industrial Engineering from Bilkent University, Ankara, Turkey. She worked as a postdoctoral fellow in the H. Milton Stewart School of Industrial and Systems Engineering at Georgia Institute of Technology. Her research focuses on inventory control problems, demand management through price and lead time decisions, competition between main and secondary markets in durable goods industry and behavioral effects of incentives in the automotive industry.
